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Generalized Schwinger
Classical dynamics can be consistently formulated in terms of equations of motion alone.
The variational principle, being a useful tool for studying various aspects of classical dynamics, is not needed to have the classical theory defined as such. However, to promote the classical dynamics to quantum level, it is insufficient to know only the equations of motion, one or another extra structure is needed. If the quantum theory is supposed to be formulated in the language of Feynman's path integrals, it is the action functional that can serve as the additional ingredient needed for quantization. On the other hand, any
Lagrangian equations of motion can always be brought to a (constrained) Hamiltonian form that makes possible applying canonical quantization. Furthermore, the method of deformation quantization applies to the Hamiltonian systems even though the underlying
Poisson bracket is degenerate [1] (in which case the Hamilton equations can have no variational formulation). As it has been recently found [2] , [3] , the deformation quantization can also be implemented under far less restrictive conditions on the equations of motion than the requirement to be Hamiltonian. Roughly speaking, the phase-space evolution flow
is not required to be Hamiltonian: It is sufficient if the evolution preserves the Poisson bracket modulo constraints and gauge transformations. The bracket, in its turn, is also required to satisfy the Jacobi identity in a weak sense, i.e., modulo constraints and gauge transformations. For accurate definitions, see [2] , [3] .
So, the deformation quantization has progressed in recent years reaching far beyond the range of theories admitting variational principle for equations of motion. At the same time, the methods of constructing the partition functions 1 dating back to Feynman, Schwinger and Dyson, and being now developed in full generality for arbitrary Lagrangian gauge theories [4] , [5] , [6] , have not made much progress in the class of theories having no action In our recent papers [7] , [8] , we have identified a general structure, called the Lagrange anchor, which is determinative for the quantization in terms of partition functions in the same sense as the Poisson bracket defines deformation quantization in terms of a star product. The Lagrange anchor is a geometric object that can be interpreted in many different ways. In particular, one could say that the Lagrange anchor is related to the canonical anti-bracket of the Batalin-Vilkovisky formalism [5] By now two procedures have been worked out to construct partition functions for general non-Lagrangian theories. The first one [7] suggests a conversion of the original non-
Lagrangian field theory in d dimensions into an equivalent (d + 1)-dimensional Lagrangian
topological theory which can then be quantized by the standard BV method. The conversion procedure is quite ambiguous and essentially depends on the choice of the Lagrange anchor. If the anchor was invertible (that assumes implicitly the existence of some action for the original dynamics), the path integral can be explicitly taken in the bulk of the topological theory resulting in Feynman's partition function for original action. With a general (non-invertible) anchor, the answer for the partition function cannot be reduced to the canonical form, but it remains fully consistent and allows quite natural physical interpretation [8] . If the anchor is chosen to be zero, the partition function will correspond to the classical transition amplitude [9] . The second method to quantize a classical theory with non-Lagrangian equations of motion [8] suggests a nontrivial generalization of the Schwinger-Dyson equation that any partition function must satisfy. This equation, involving classical equations of motion and the Lagrange anchor, reduces to the BV quantum master equation whenever the anchor is invertible.
In this paper, we propose an alternative procedure of constructing partition functions for general dynamical systems. This procedure starts with the same input data: classical equations of motion and the Lagrange anchor, but it exploits quite different idea and technology.
We call this procedure an augmentation because it is motivated by a widespread view that either a non-Lagrangian system can be reshaped into an equivalent Lagrangian model in an appropriately extended configuration space, or it describes an effective dynamics emerging from a Lagrangian theory after averaging over some degrees of freedom or their exclusion from the equations of motion. So, the intuitive intention about quantizing a non-Lagrangian theory is to augment it first to a Lagrangian one, and then the augmented theory can be quantized in the usual way. No general method is known to date to equivalently reformulate any given non-Lagrangian model as a Lagrangian one by adding a finite number of new fields. We propose a uniform procedure to construct an augmented Lagrangian theory for any (non-)Lagrangian dynamics, which is not however an equivalent reformulation.
The augmented theory may have, in principle, more degrees of freedom than the original model, but classically, the original dynamics are easily singled out by imposing appropriate boundary conditions on the extra fields. These boundary conditions guarantee that the original fields evolve precisely in the same way as in the original theory, while new fields do not evolve at all. This reduction mechanism always restores the original dynamics in the augmented theory including the case where the original theory is Lagrangian. Quantizing the augmented Lagrangian system by conventional BV procedure and integrating the new fields out in the path integral, one gets the original (not necessarily Lagrangian) dynamics quantized. If the original theory is Lagrangian, the integral can be taken explicitly over the augmentation fields with corresponding boundary conditions, and the partition function obtained in this way will coincide with that constructed from the BV master action for the original Lagrangian. If the original theory is not Lagrangian, the constructed partition function is still correct that can be seen in several ways, although it cannot be represented anymore as an exponential of any (local or non-local) action functional.
Let us also comment on an essential distinction between the augmentation idea we use to quantize non-Lagrangian theories and somewhat similar concept of "auxiliary fields" [10] . The fields are usually understood as auxiliary when they are introduced to extend the dynamics in such a way that the extended classical theory remains fully equivalent to the original one. In particular this means that the number of independent initial data for Cauchy problem remains the same as in the original theory. In contrast to introducing the auxiliary fields, the augmentation procedure results in a theory that has more degrees of freedom than the original one. The extra dynamics are eliminated, however, by imposing zero initial and/or boundary conditions on the augmentation fields. At quantum level, these conditions provide the absence of the "augmenting particles" in in-and out-states of the quantum system. It might be relevant to mention that no regular procedure is known yet for introducing auxiliary fields in such a way as to convert any non-Lagrangian theory into an equivalent Lagrangian one. In some specific models the way of introducing auxiliary fields is known, although it often happens that the restrictions are to be imposed strongly limiting the admissible form of equations of motion
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. In contrast, the augmentation is a regular procedure which always works well, given equations of motion and Lagrange anchor.
The paper is organized as follows. To make the paper self-contained, we review some recent developments in path-integral quantization of non-Lagrangian theories that includes basic definitions and some relevant statements from [7] , [8] . In Section 2, we set up notation and explain some basic facts concerning the general structure of not necessarily Lagrangian gauge systems. We recall the notion of Lagrange structure, which contains the Lagrange anchor as a key ingredient, and put it in the context of S ∞ -algebras. The corresponding Subsection 2.4 is addressed to the readership familiar with basics of strongly homotopy algebras, others may just omit this subsection. The paper can be further understood without knowing the concept of S ∞ -algebras, although this concept provides a natural homological insight into the quantization problem of non-Lagrangian dynamics. In Section 3, we describe a BRST complex, which can be assigned to any (non-)Lagrangian gauge system. As input data, this complex involves the original equations of motion, generators of gauge identities and gauge symmetries, and the Lagrange anchor. At first, we define the ambient Poisson manifold that hosts this BRST complex and construct the BRST charge by homological perturbation theory. Further, we show that the BRST cohomology classes precisely correspond to the physical observables of the original (non-)Lagrangian theory. We also give an important interpretation of this BRST complex as that resulting from the BFV-BRST quantization of some constrained Hamiltonian system on the phase space of original fields and their sources. Section 4 is devoted to the quantization of the BRST complex.
Quantizing the ambient Poisson manifold, we define the quantum BRST cohomology and present the generalized Schwinger-Dyson equation for the partition function of a (non-)Lagrangian gauge theory. This equation is shown to have a unique solution, which can be written down in a closed path-integral form.
Section 5 contains the main results of the paper. Namely, in Section 5.1. we define the augmented BRST complex, which is build on the original BRST complex and carries all the information about the augmented theory. In Section 5.2. we unfold the structure of the augmented BRST charge by interpreting it in terms of equations of motion, gauge symmetry and Noether identity generators. As the Lagrange anchor behind the augmented 2 For example, in higher-spin field theories, the auxiliary fields can be introduced converting a nonLagrangian model into Lagrangian one unless no interaction has been switched on, even though the consistent equations of motion with interaction are know for many years, see [11] for a review and further references theory is always nondegenerate (whatever the original anchor), the augmented partition function has the standard Feynman's form. Moreover, the corresponding action functional is proved to possess the property of space-time locality provided the original equations of motion and the Lagrange anchor do so. Finally, in Section 5.3. we present an alternative path-integral representation for the quantum averages of the original physical observables in terms of the augmented action functional.
In Section 6, we apply the augmentation procedure to quantize two non-Lagrangian field theories: Maxwell electrodynamics with monopoles and self-dual p-forms. These models are known to admit no Lagrangian formulation. However, we have found non-trivial (degenerate) Lagrange anchors for these theories. Making use of the anchors, we apply the augmentation method to construct manifestly Poincaré invariant partition functions for both the models.
2. Lagrange structure and S ∞ -algebras 2.1. Classical dynamics. In field theory one usually deals with the space Y X of all smooth maps from a space-time manifold X to a target manifold Y . The atlases of coordinate charts on X and Y define then a natural atlas on Y X such that each map x : X → Y is specified locally by a set of smooth fields x i , the coordinates on the infinite-dimensional manifold Y X .
Hereafter we use De Witt's condensed notation [4] , whereby the superindex "i" comprises both the local coordinates on X and the discrete indices labelling the components of the field x. As usual, the superindex repeated implies summation over the discrete indices and integration over the space-time coordinates w.r.t. an appropriate measure on X. The partial derivatives ∂ i = ∂/∂x i are understood as variational ones.
In the context of local field theory, the space Y X is known as the space of all histories and the true histories are specified by a set of PDE's
Here we do not assume the field equations to come from the least action principle, hence the indices i and a, labelling the fields and equations, may run through completely different sets. In the case where X is a manifold with boundary, Eqs. (1) are also supplemented with a suitable set of boundary conditions. Usually, the boundary conditions specify the values of fields and/or their derivatives up to some fixed order. Varying these values, collectively
called the boundary data, one gets a family of different solutions to Eqs. (1).
For our purposes it is convenient to think of T = {T a (x)} as a section of some vector bundle E → M over subspace of all fields M ⊂ Y X with given boundary data. Then the set of all true histories Σ belonging to M is identified with zero locus of T ∈ Γ(E):
Using the physical terminology, we refer to Σ as the shell. Under the standard regularity conditions [6] , Σ ⊂ M is a smooth submanifold associated with an orbit of gauge symmetry transformations (see Eq.(9) below); in the absence of gauge symmetries the shell Σ is a single point of M. In the following we will always assume Σ to be a connected submanifold for each choice of boundary data.
Thus, the classical dynamics are completely specified by a section T of some vector bundle E → M over the space of all histories subject to boundary conditions. For this reason we call E the dynamics bundle.
2.2.
Regularity conditions. To avoid pathological examples, some regularity conditions are usually imposed on a classical system. To formulate these conditions in an explicitly covariant way, let us introduce an arbitrary connection ∇ on E and define the section
This section, in turn, defines the M-bundle morphism
which is not necessarily of constant rank.
Definition 2.1. A classical system (E, T ) is said to be regular of type (m, n), if there exists a finite sequence of vector bundles E k → M and M-bundle morphisms
satisfying conditions: This definition has several important corollaries elucidating its meaning:
Corollary 2.1. The shell Σ ⊂ M is a smooth submanifold with T Σ = Im R| Σ .
3 To simplify notation, we will not distinguish between an M -bundle morphism H : E → E ′ , the induced homomorphism Γ(H) : Γ(E) → Γ(E ′ ) on sections, and the associated section
denoting all these maps by one and the same letter H.
Corollary 2.2. For any vector bundle V → M and a section K ∈ Γ(V) vanishing on
where the triangle brackets denote contraction of T and W . Informally speaking, any onshell vanishing section is proportional to T .
Corollary 2.3. When exist, the morphisms (5) are not unique off shell. Thinking of these morphisms as the sections of the corresponding vector bundles, one can add to them any sections vanishing on Σ, leaving the properties (a),(b) unaffected. In particular, by making a shift
if necessary, we can always assume that T ∈ ker Z. In view of the previous remark, the section Z 0 is proportional to T . In this paper we deal mostly with the quantization of regular (1, 1)-type Lagrange structures associated to the four-term sequences
The on-shell exactness at T M suggests that for any vector field V ∈ Γ(T M) obeying condition ∇ V T | Σ = 0 there exists a section ε ∈ Γ(F ) such that V = R(ε). Combining this with Corollary 2.2, we can write
Here indices a, i, α label the components of the corresponding sections w.r.t. to some frames {e α } ∈ Γ(F | U ), {e a } ∈ Γ(E| U ), and {∂ i } ∈ Γ(T U) associated with a trivializing coordinate chart U ⊂ M. Let {e A } be a frame in G over U. In view of Corollary 2.3 the on-shell exactness at term E implies then
if Z was chosen in an appropriate way. Relations (9) and (10) have a straightforward interpretation in terms of constrained dynamics [6] : the homomorphism R is identified with an irreducible set of gauge symmetry generators for the classical equations of motion T = 0, while the homomorphism Z generates a set of independent Noether's identities.
Having in mind this interpretation, we term F and G the gauge algebra bundle and the Noether identity bundle, respectively. Notice that the irreducibility of the gauge symmetry generators is provided by the on-shell exactness of (8) at F , while irreducibility of Noether's identity generators follows from the on-shell exactness of the transpose of (8) 2.3. Lagrange structure. In the context of covariant path-integral quantization, the passage from classical to quantum theory involves, besides classical equations of motion, one more geometric ingredient called the Lagrange structure [7] .
Definition 2.2. Given a classical system (E, T ), a Lagrange structure is an R-linear map
for any A ∈ Γ(∧ n E) and B ∈ Γ(∧ • E);
Here we identify Γ(∧ 0 E) with C ∞ (M).
Due to the Leibnitz rule (i), in each trivializing chart U ⊂ M the operator d E is completely specified by its action on the coordinate functions x i and the basis sections e a of E| U :
Applying d E to the section T = T a e a , one can see that the property (ii) is equivalent to the following structure relations:
The first relation in (11) means also that d E defines a bundle homomorphism V :
The section V ∈ Γ(E ⊗ T M) is called the Lagrange anchor. Definition 2.3. A Lagrange structure (E, T, d E ) is said to be regular at p ∈ M, if there exists a vicinity U ⊂ M of p such that the M-bundle morphism
has a constant rank 4 r over U. The number r is called the rank of Lagrange structure at p ∈ M. The Lagrange structure is said to be complete at p, if the homomorphism (13) is surjective on U. Finally, we say that the Lagrange structure is regular (or complete), if it is regular (or complete) at any point of M.
Remark 2.1. In view of Definition 2.1, the regularity of the Lagrange structure at p ∈ Σ is equivalent to the regularity at p of the anchor morphism V : E * → T M, i.e., there exists a sufficiently small vicinity U ⊂ M of p ∈ Σ such that V has constant rank over U.
Remark 2.2. In the context of quasiclassical quantization we will deal with in sequel, it is also appropriate to introduce the notions of weakly regular and weakly complete Lagrange structures by requiring regularity and completeness only for the points of Σ.
Theorem 2.5 ( Splitting theorem [7] ). Let p ∈ M be a regular point of the Lagrange structure (E, T, d E ), then there is a coordinate system (y 1 , ..., y r , z 1 , ..., z k ) centered at p together with a set of local functions S(y), E 1 (y), ..., E k (y) such that equations T a (y, z) = 0 are equivalent to ∂S(y)
and the Lagrange anchor V = (V J , V I ) is given by the abelian vector distribution
Here the number r is the rank of the Lagrange structure at p ∈ M.
In case r < dim M, it is natural to call S(y) a partial action.
Although the theorem above ensures the split of local coordinates into "Lagrangian" y's and "non-Lagrangian" z's, it is by no means necessary to explicitly perform this splitting in order to develop the theory further. The subsequent formulas do not involve such a split. Moreover, the method is insensitive to the rank of the Lagrange anchor producing a well-defined path-integral quantization in the irregular case as well.
Example: Let us illustrate the definitions above by an example of a Lagrangian gauge theory with action S(x). The equations of motion read
so that the dynamics bundle E is given by the cotangent bundle T * M of the space of all histories. The canonical Lagrange structure, resulting in standard quantization, is given
The defining condition for the Lagrange structure (12) takes the form
The Lagrange anchor is defined by the identical homomorphism
and hence the Lagrange structure is regular and complete. Suppose the action S is gauge invariant. Then there exist a set of gauge algebra generators defining an M-bundle morphism
for any gauge parameter ε ∈ Γ(F ). So, equations (14) appear to be linearly dependent.
Differentiating the last identity w.r.t. some connection ∇ on F ⊗ T M, we arrive at Rel. In [7] , we have shown that the quantization of general non-Lagrangian gauge theories call for a strongly homotopical version of the odd Poisson algebras.
Definition 2.4. An S ∞ -algebra (S for Schouten) is a Z 2 -graded, supercommutative, and associative algebra A endowed with a sequence of odd linear maps S n :
ǫ(a) being the parity of a homogeneous element a ∈ A.
(b) a → S n (a 1 , ..., a n−1 , a) is a derivation of A of the parity
where (−1) ǫ is the natural sign prescribed by the sign rule for permutation of homogeneous elements a 1 , ..., a n ∈ A.
Recall that a (k, l)-shuffle is a permutation of indices 1, 2, ..
When S 0 = 0 we speak about a flat S ∞ -algebra. In that case S 1 : A → A is a differential with (S 1 ) 2 = 0, and S 2 induces an odd Poisson structure on the cohomology of S 1 . An odd
Poisson algebra can be regarded as an S ∞ -algebra with bracket S 2 : A ⊗ A → A and all other S k = 0. In fact, properties (a) and (c) characterize L ∞ -algebras. We refer to [12] for a recent discussion of S ∞ -algebras.
It turns out that any Lagrange structure of type (m, n) gives rise to a flat S ∞ -algebra on the supercommutative algebra of sections
Here S • stands for symmetric tensor powers (in the Z 2 -graded sense) and Π denotes the parity reversion operation, i.e., ΠE is a vector bundle over M whose fibers are odd linear spaces. By definition, Π 2 = id and S In the next section, applying the machinery of BRST theory, we give an explicit description for S ∞ -algebras associated with (1, 1)-type Lagrange structures. Extension to the general Lagrange structures is straightforward.
3. BRST complex 3.
1. An ambient symplectic supermanifold. Let (E, T, d E ) be a regular Lagrange structure corresponding to the four-term sequence (8) . Following the general line of ideas of BRST theory, we realize M -the space of all histories -as the body of a graded supermanifold N . The latter is chosen to be the total space of the following graded vector bundle over M:
Here F , E, and G are the bundles of gauge algebra, dynamical equations and the Noether identities, respectively. The base M is imbedded into (19) as the zero section. In addition to the Grassman parity the fibers of (19) are graded by ghost number valued in integers. To avoid cumbersome sign factors, we will assume the base M to be an ordinary (even) manifold that corresponds to the case of gauge systems without fermionic degrees of freedom. Then the Grassman parities of fibers correlate with their ghost numbers in a rather simple way:
the even coordinates have even ghost numbers, while the odd coordinates have odd ghost numbers. The supermanifold N is also endowed with an N-grading called the momentum degree (or m-degree for short).
It is convenient to arrange the information about all the aforementioned gradings of local coordinates in a single table: base and fibers Table 1 Upon splitting all the coordinates into the "position coordinates" ϕ I = (x i , c α , η a , ξ A ) and
A ) the assignment of gradings becomes easy to see
Let us denote by C ∞ (N ) the supercommutative algebra of "smooth functions" on N .
By definition, the generic element of C ∞ (N ) is given by a formal power series in the fiber coordinates with coefficients in C ∞ (M).
Fixing a linear connection ∇ = ∇ F ⊕ ∇ E ⊕ ∇ G on F ⊕ E ⊕ G, we endow N with the exact symplectic structure
and similar expressions are assumed for covariant differentials of η's and ξ's. 
Here the structure functions determining the Poisson brackets ofx i andx j are just the components of the curvature tensor of ∇.
Notice that the equationsφ I = 0 define the Lagrangian submanifold
and the supercommutative algebra of functions C ∞ (L) is naturally isomorphic to the algebra (18) with m = n = 1.
BRST charge.
It turns out that all the ingredients of a classical gauge system as well as a Lagrange structure can be naturally incorporated into a single object Ω, the classical BRST charge 6 . By definition [7] , the BRST charge Ω is an element of the Poisson algebra
The dots in (ii) refer to the terms which are at least linear in η a andc α or at least quadratic in
The existence of Ω is proved by standard tools of homological perturbation theory [7] .
It is instructive to consider expansion of Ω in powers of momenta. In view of (i) the expansion starts with terms linear inφ, i.e.,
On substituting (25) into the master equation (iii), we get
We see that the leading term Ω 1 = Ω Iφ I gives rise to the homological vector field on L,
which carries all the information about the classical system itself, with no regard to the Lagrange structure 7 . Evaluating the nilpotency condition Q 2 = 0 to lowest order in fiber coordinates, one immediately recovers Rels.(9, 10) characterizing T = 0 as a set of gauge invariant and linearly dependent equations of motion, with R and Z being the generators of gauge transformations and Noether identities, respectively.
The Lagrange anchor V : E * → T M defining the Lagrange structure for the classical system (27) enters the next term
Relations (26) characterize Ω 2 as a weak anti-Poisson structure on L, i.e., Q-invariant, odd bivector field satisfying the Jacobi identity up to homotopy. The corresponding "weak" antibracket reads
Examining the Jacobi identity for this bracket, one finds
In the usual BV theory the operator Q is known as the classical BRST differential [6, §8.5].
where we have introduced the following notation:
Evidently, the weak antibracket (29) induces a genuine antibracket in the Q-cohomology.
It is Rel. (31) that defines the aforementioned S ∞ -structure on the supercommutative algebra C ∞ (L): By definition, each S n is a symmetric multi-differentiation of C ∞ (L) and the generalized Jacobi identities for the collection of maps {S n } readily follow from the master equation {Ω, Ω} = 0 for the BRST charge. Since Deg (Ω) > 0, this S ∞ -algebra is flat.
3.3. Hamiltonian interpretation. In the conventional BFV approach, the BRST charge arises as a tool for quantizing first-class constrained Hamiltonian systems. A glance at Table   1 is enough to see that the spectrum of ghost numbers corresponds to that of the BFV-BRST formalism for a first-class constrained Hamiltonian system with linearly dependent constraints [6] . In order to make this interpretation more explicit, let us combine the local coordinates with ghost numbers 1 and −1 into the ghost coordinates C I = (η a , c α ) and ghost momentaP I = (η a ,c α ), respectively. In this notation the above BRST charge (25) can be rewritten as
where the expansion coefficients Θ I = ( T a , R α ) and Ξ
, playing the role of first-class constraints and their null-vectors, are given by the formal power series inx's:
. To lowest order in C's, Eqs. (26) reproduce the standard involution relations for a set of reducible first-class constraints w.r.t. the canonical Poisson bracket on T * M:
From the regularity condition it follows immediately that the number of independent firstclass constraints Θ I ≈ 0 is equal to dim M. In physical terms, one can interpret this fact concluding that the Hamiltonian system under consideration has no physical degrees of freedom. From the geometrical viewpoint, this implies that the equations Θ I = 0 define a Lagrangian submanifold L ⊂ T * M; more accurately, L is a formal Lagrangian submanifold as we are not concerned with convergence of the formal series (33).
One can also regard the constraints Θ I ≈ 0 as a formal deformation of those given by the leading terms of expansions (33) in the "direction" of the Lagrange anchor V .
From this standpoint, the Lagrange structure is just the infinitesimal of deformation of the Lagrangian submanifold L 0 ⊂ T * M defined by the "bare" first-class constraints T a (x) ≈ 0 and R i α (x)x i ≈ 0. Associated with the first-class constraints Θ I ≈ 0 is the Hamiltonian action on the cotangent bundle of the space of all histories
The action describes a pure topological field theory having no physical evolution w.r.t. to t. It should be emphasized, that the "time" t is an auxiliary (d + 1)-st dimension, which has nothing to do with the evolution parameter in the (differential) equations of motion T a = 0. The true physical time is among the original d dimensions.
The model (35) is invariant under the standard gauge transformations generated by the first-class constraints and their null-vectors (33):
Here ε I = (ε a , ε α ) and ε A are infinitesimal gauge parameters, and the structure functions U I KJ (φ) are defined by (34). Imposing the zero boundary conditions on the momenta
one can see [8] that the classical dynamics of the model (35) are equivalent to those described by the original (non-)Lagrangian equations T a = 0.
Example: Given the Lagrangian equations of motion (14), Lagrange anchor (16), and gauge symmetry generators (17), we have the following set of first-class constraints on the phase space of fields and sources:
From the definition of gauge algebra it readily follows that
Evidently, the constraints (38) are reducible,
and we can take { T i } as a complete set of independent first-class constraints. The corresponding Hamiltonian action (35) on the phase space of fields and sources reads
Excluding the momenta from this action by means of equations of motion δS/δλ i = 0, we
The latter action describes two copies of the original Lagrangian theory corresponding to the ends of the "time" interval [t 1 , t 2 ]. As there is no coupling between the fields x(t 1 ) and It can be shown [7] that the cohomology class of any BRST cocycle A with ghost number zero is completely determined by its restriction to M, i.e., by the functionĀ = A| M , and a function O ∈ C ∞ (M) is the restriction of some BRST cocycle iff
The trivial BRST cocycles are precisely those for which O| Σ = 0. Thus, to any on-shell gauge-invariant function O ∈ C ∞ (M) one can associate a BRST cocycle and vice versa. 
Quantization
In previous sections, we have described the procedure that assigns a BRST complex to any dynamical system, be it Lagrangian or not. Here we prefer to work in the coordinate (Schrödinger) representation, whereby a quantum state is described by a wave-function on the ghost-extended space of all histories. Then a physical wave-function is nothing but the probability amplitude to find a system developing according to a given history. For the Lagrangian systems, this amplitude is simply given by the exponential of the action functional multiplied by i/ .
In the non-Lagrangian case, however, it may be a more general distribution, whose form strongly depends on the choice of a Lagrange anchor. (see examples in Sec.6).
A consistent consideration of physical states in the coordinate representation is known to require further enlargement of the extended phase space by the so-called nonminimal variables [6] . These do not actually change the physical content of the theory as one gauges them out by adding appropriate terms to the original BRST charge. The nonminimal sector just serves to bring the physical states to the ghost-number zero subspace where one can endow them with a well-defined inner product. We will not dwell on that in details, referring to the textbook [6] . From now on, Ω will stand for the total (i.e., nonminimal)
BRST charge and the phase space N will include both minimal and nonminimal variables.
4.1. Quantum BRST cohomology. Upon canonical quantization each function on N turns to a linear operator acting in a complex Hilbert space H:
A crucial step in the operator BFV-BRST quantization [6] is assigning a nilpotent operatorΩ to the classical BRST charge (32). The quantum symbol of the BRST operatorΩ is supposed to have the form
where the leading term Ω (0) is given by (32) and the higher orders in are determined from the requirements of hermiticity and nilpotency:
It may well happen that noΩ exists satisfying these two conditions, in which case one speaks about quantum anomalies. In what follows we assume our theory to be anomaly free so that both equations (47) hold true.
In addition to the nilpotent BRST charge, the full BRST algebra involves also the antiHermitian ghost-number operatorĜ such that [Ĝ,F ] = gh(F )F for any homogeneousF .
In particular,
Given the BRST algebra (47), (48) one has two BRST complexes.
The first one is given by the space of quantum state H withΩ playing the role of 
K being an appropriate gauge-fixing fermion of ghost number −1. Evidently, the last expression passes to the BRST cohomology and is independent of a particular choice of K.
(More precisely, it depends only on the homotopy class of K in the variety of all gauge-fixing fermions providing finiteness of (49).) Now the quantum average of a physical observable
4.2.
Generalized Schwinger-Dyson equations. As the Hamiltonian theory we deal with is topological, it might be naively expected that dim C H 0 st (Ω) = 1, so that the space of physical states is spanned by a unique (up to equivalence) BRST-closed state |Φ ∈ H. This would be quite natural because the probability amplitude must be a unique distribution on the space of all histories with prescribed boundary conditions. Actually, it is not always the case in the BRST theory: The physical dynamics may have several copies in the BRST- This property takes place for the leading (classical) term Ω 0 = Ω(ϕ,φ, 0) and we require that it holds true with account of all quantum corrections. Then, the state |Φ that is annihilated by all the momenta, (52)φ I |Φ = 0 , is annihilated by the BRST charge as well. After an appropriate polarization of the nonminimal sector [8] , the state |Φ caries zero ghost number, and hence, defines a physical state. In the coordinate representation, for instance, we have Φ(ϕ) = c ∈ C. At first glance the amplitude Φ, being just a constant, has nothing to do with the original dynamics, but that is illusion: The state |Φ has an ill-defined norm in H, so in order to calculate the quantum average of a physical observable, say 1 ∈ H 0 op (Ω), one has use the regularized inner product (49), but that brings an inevitable dependence of the BRST charge. In other words, the information about the original gauge system enters to the state |Φ implicitly, through passage to the BRST cohomology. To make this dependence more explicit one should consider the BRST-dual of the state |Φ (see [ Example: Upon canonical quantization in the coordinate representation the independent first-class constraints T i in (38) turn to the pairwise commuting differential operators:
Imposing these operators on the physical wave-function ψ(x), we arrive at the well-known
A unique (up to an overall constant) solution to this equation is given by the Feynman probability amplitude on M,
One can also quantize the constraints (38) in the momentum representation, which is related 
In [8] , it was shown that all such definitions give one and the same value O . Similarly to the BRST-state cohomology, the BRST-operator cohomology is essentially one-dimensional that allows one to establish a one-to-one correspondence between the physical states and physical observables. Namely, given a physical observableÔ, we define the physical state
The latter is necessarily of the form |O = O |Φ +Ω|Λ . Using the coordinate representation, we can rewrite (61) as
The last expression enables us to treat the gauge-fixed probability amplitude Φ Suppose X is an orientable manifold, then so is X = X × I and each of the two orientations of X induces opposite orientations on the connected components of the boundary ∂ X = X 0 ∪ X 1 ; here X 0 ≃ X ≃ X 1 and the subscripts 0 and 1 refer to the different orientations of X.
As the model (68) is purely topological, there are no physical dynamics in the bulk of X.
Put differently, all the physical degrees of freedom, if any, are supported at the boundary ∂ X = X 0 ∪ X 1 , where they evolve according to the classical equations of motion T a = 0; in so doing, the dynamics on X 0 and X 1 are completely independent of each other. Thus, the action (68) describes two copies of the same filed-theoretical model, which defer only by orientation of the space-time manifold X (two parallel universes).
This classical consideration can be further promoted to the quantum-mechanical level.
Consider the projected kernel associated with the matter state (54). It can be defined by the path integral [6] :
where the sum runs over trajectories (ϕ I (t),φ J (t)) subject to appropriate boundary conditions at t = 0, 1. In particular, x 1 = x(1), x 0 = x(0); the boundary conditions for the other variables can be found in [8] . According to our definitions, the state ψ describes a gauge invariant probability amplitude for a field theory on X 0 . Thenψ must play the same role for X 1 .
9 Multiplying ψ byψ, we get the right probability amplitude for the field theory on X 0 ∪ X 1 , as there is no interaction between the fields on X 0 and X 1 (correlations through the bulk of X are completely suppressed by gauge invariance).
Example: Let us compute the quantum average (64) for the topological model (41), where the action S is not gauge invariant. A good gauge-fixing condition in the bulk is the derivative gauge (70)ẍ i = 0 .
As with any abelian gauge theory, the ghost fields are decoupled from the matter ones and can thus be integrated out explicitly. The result is given by
So, up to a normalization constant, the integral (71) gives the usual quantum average of an observable O in the Lagrangian theory with action S. Notice that one can arrive at the same result by imposing the derivative gauge on the Lagrange multiplierλ i = 0.
Augmentation
In previous sections, we have formulated the quantization procedure for (non-)Lagrangian gauge theories, which starts with the classical equations of motion and Lagrange structure as input data and results in the generalized Schwinger-Dyson equation for the probability amplitude on the space of all histories M. We have also seen that the amplitude admits a simple path-integral representation in terms of a Lagrangian topological field theory in the space-time with one more dimension. In this section, we derive an alternative path-integral representation for the probability amplitude of a (non-)Lagrangian theory in terms of some Lagrangian model on the same space-time manifold, but augmented with extra fields. The configuration space of the augmented field theory is taken to be the total space of the vector bundle E * → M, the dual to the dynamics bundle E; in so doing, the original configuration space M is embedded in E * as the zero section. The augmentation procedure extends the original (non-)Lagrangian dynamics from M to E * in such a way that the entire system becomes Lagrangian. We show that, at classical level, the augmented theory is equivalent to the original one provided that special boundary conditions are fixed for the augmentation fields. At quantum level, integrating the Feynman probability amplitude on E * over the augmentation fields yields the probability amplitude on M. Table 2 In order to compare the ghost numbers of the new and old fields it is convenient to assemble the augmentation fields into "position coordinates" and "momenta": So, the "duplication" of the ambient manifold N is accompanied with reversion of parities and shift of ghost numbers.
As a next step, we extend the exact symplectic structure (21) on N to that on N aug by setting (76)
∇ being some connection on N ⊕ T M.
Finally, the original BRST charge Ω on N is extended to N aug as (80)
It is straightforward to check that
where the operator
counts the momentum degree of the "old" variables (see Table 1 ), while Now applying the standard technique of homological perturbation theory [6] , we can prove the following statement.
Proposition 5.1. There is a unique BRST charge (77) satisfying the master equation (79) and the condition
Proof : Expanding the master equation (79) with respect to the resolution degree, we arrive at the following sequence of equations:
and P n is the projector on the subspace of functions of resolution degree n. We can solve these equations in series starting with δΩ 1 = B 0 . Since deg B n = n and the function B 0 = {Ω, Ω 0 } contains no terms of zero momentum degree w.r.t. the old variables, the operator N is invertible on the subspace W ⊂ C ∞ (N aug ) spanned by all B's. The condition δB n = 0 is then necessary and sufficient for the n-th equation (85) to be solvable. The closedness of B n is established by induction on n, just putting successive restrictions on the resolution degree of the Jacobi identity {Ω, {Ω, Ω}} ≡ 0.
Finally, applying the operator δ * to both sides of Eq. (85) and using Rels. (81), (84), we get the following recurrent relations for the homogeneous components of Ω:
Here we have used the fact that the operator δ * commutes with N and, as a consequence, with (N W ) −1 . By construction, δ * Ω n = 0, ∀n > 0, so that the augmented BRST charge Ω aug meets equation (84).
In sequel we will need the following property of the augmented BRST charge. (89)
As is seen, the first group of equations coincides with the original equations of motion on M. The absence of y-contributions to these equations is guaranteed by Proposition 5.2.
So, the original dynamics on M are completely decoupled from the augmented system (89).
The second group of equations, being at least linear in y's, admit a trivial solution y a = 0, which can be singled out by imposing zero boundary conditions on y's.
In general, the augmented equations of motion (89) are both gauge invariant and linearly dependent. It follows from definiens of Sec.3.2 that the gauge algebra generators are given by (90)
Ai T j , for some structure functions U. The Noether identities have the following form in the augmented theory:
As is seen from Rels. (90), there are two types of gauge symmetry transformations in the augmented theory. The first ones, generated by R α , are just extensions to E * of the original gauge symmetries. The second type transformations, generated by R A , start from the vertical vector fields on E * associated with the Noether identity generators Z To further elucidate the meaning of the augmented BRST charge in terms of the phase space of fields x i , y a and their sourcesx i ,ȳ a , we introduce the following collective notation:
Then the deformed phase-space constraints associated with the augmented equations of motion (89) are given by
According to our definitions, the coefficients Vb a (φ) in (95) are to be identified with the components of the Lagrange anchor. Using the recurrent relations (87), we find
As is seen the augmented Lagrange anchor is always nondegenerate and its inverse has the form (97)
To make contact with the definitions of Sec.2, we identify the total space of the tangent bundle T E * with the total space of E * ⊕ T M ⊕ E * and the total space of T * E * with that of E ⊕T * M ⊕E * by making use the linear connection ∇ on E * → M. Upon these identifications, the bundle map T E * → E * goes into the bundle map E * ⊕ T M ⊕ E * → E * (projection on the third factor) and the same is true for the cotangent bundle T * E * . Now we can summarize the discussion above as follows.
Proposition 5.3. The augmented BRST complex describes a complete Lagrange structure of type (1,1) associated to the on-shell exact sequence
where the gauge algebra (= Noether identity) bundle V is the vector bundle with the base E * , total space F ⊕ E * ⊕ G, and the bundle map p : F ⊕ E * ⊕ G → E * (projection on the second factor).
The completeness of the augmented Lagrange structure has two immediate consequences.
First of all, the constraints (95) define a Lagrangian submanifold in the augmented phase space E * ⊕ T * M ⊕ E, so that the rest of the constraints, namely, the constraints (99)
associated with the gauge symmetry generators (90), (33), are given by linear combinations of (95). The second consequence is that, according to Theorem 2.5, the augmented equations of motion (89) are equivalent to Lagrangian ones.
To get an explicit expression for corresponding action functional, one has just to resolve the first-class constraints (95) with respect to momentaφā. This can always be done at least perturbatively. As a starting point, we rewrite the constraint equations (95) in the following equivalent form:
where Λ is defined by relation (97). Then, takingφ = −ΛT as zero order approximation and iterating these equations ones and again, we finally arrive at the equivalent set of first-class constraints
The constraints (101), being resolved w.r.t. momentaφā, are to be necessarily commuting,
that amounts to existence of an action functional S(φ) such that
Thus, the augmented equations of motion are equivalent to the Lagrangian equations (104) with Λ playing the role of integrating multiplier. Finally, using the standard homotopy operator for the exterior differential, we can reconstruct the action as
Up to the second order in y's and an inessential additive constant the action reads
Here the symmetric matrix
can be thought of as a generalization of Van Vleck's matrix. It is the matrix that defines the form of the first quantum correction to the classical average of physical observables [7] .
More explicitly, the equations of motion (104) following from variation of (105) read
As is seen, the dynamics on M do not decouple from those on the augmented configuration space E * for arbitrary boundary conditions of y's, as opposite to (89). Nonetheless, imposing zero boundary conditions on y's, we can satisfy the second group of equations in (108) with y = 0 and x is arbitrary. Then the first group of equations reduces to the original equations of motion on M.
An important observation on the action (106) is that it has the form of local functional whenever the augmented constraints (95) are local
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. Indeed, the only place where nonlocality could emerge is the inversion of the augmented anchor (96). But, as is seen from (97), the inversion procedure, being performed perturbatively in y's, does not spoil locality.
Therefore, the equivalent Lagrangian equations (104) are local and so is the action functional (105).
5.3.
Quantizing non-Lagrangian dynamics via augmentation. As the augmented theory is always Lagrangian, its probability amplitude has the standard form
Here the leading term S 0 (x, y) is given by the classical action (106) and the other terms can be regarded as quantum corrections to the naive path-integral measure dxdy on E * . By definition (54), the probability amplitude (109) Note that the second condition follows from hermiticity requirement for the BRST operator provided that the fieldsη I are chosen to be real, i.e., (η I ) * =η I . Proof. Statement (iii) is an immediate consequence of (i) and (ii).
We start with proving (ii). By definition, the amplitude Ψ(x, y) is the matter state annihilated by the operators of augmented constraints. In particular, it is annihilate by the constraint operators that are extensions to E * of the original constraints (33). We have
where the constraints Θ I = ( T a , R α ) are defined by Rels. (95) and (99). The condition (88), being imposed on the normal symbol of the augmented BRST charge, suggests the following structure for the φφ-symbols of the constraint operators:
That is the difference Θ I − Θ I between the original and augmented constraints is not only at least first order in y's it is also at least first order inȳ's. Now multiplying (113) on an arbitrary function of x i and integrating the result over E * , we get
Here we have used the hermiticity requirements 
for some W's. Here the generators of the augmented gauge algebra may differ from (99) by quantum corrections. Due to Proposition 5.2 and our assumptions these generators have the following structure:
It remains to observe that for a y-independent function O(x), Eqs. (118) reduce to the on-shell invariance condition (43),
This completes the proof.
Example: Consider a Lagrangian theory with action S(x). In this case, the dynamics bundle coincides with the cotangent bundle T * M of the space of all histories. For simplicity sake assume that T * M admits a flat connection. Given the canonical anchor (16), the
The action of the augmented theory (106) takes the form
After normalization, the quantum average of a physical observable O(x) coincides with its usual value
Of course, in the presence of gauge symmetries both these integrals are to be understood as integrals over the space of gauge orbits rather than over T M or M.
In this Lagrangian case, it is quite natural to interpret the augmentation fields y i as the variations of the original fields x i and this interpretation is automatically consistent with the zero boundary conditions for y's.
Examples of quantizing non-Lagrangian field theories
In 
Here F is the strength of the electromagnetic field, whose Hodge dual is denoted by F = * F , J and I are the electric and magnetic currents, respectively, and d † = * d * is the adjoint exterior differential. As a consequence of Eqs.(124), the currents J and I are conserved,
Clearly, Equations (124), as they stand, are not Lagrangian, even if we set I = 0. (The number of equations is less than the number of fields).
Let us introduce the source P which is canonically conjugate to the field F . With the field F , being a 2-form on the space-time manifold, the source P is a bivector field on the same manifold. The canonical symplectic structure on the cotangent bundle of the space of all histories is given by
where the 2-form P ′ is obtained from P by lowering the upper indices with the space-time metric.
Consider now the following set of first-class constraints on the phase space of fields and sources:
(127)
These constraints are obtained from (124) by adding the momentum depending term d † P ′ to the second group of equations. It is the term that defines the canonical Lagrange anchor for the Maxwell electrodynamics [7] . Observe that the anchor is regular but not com- Upon canonical quantization, the constraints (127) turn into the following SchwingerDyson operators: 
C is an auxiliary 0-form, and G is the inverse of the Laplace operator = dd Passing to the momentum representation, we get the generating functional of Green's functions (132) of the augmented theory is at most quadratic in F and B a . Specializing the general formulas (106) and (107) to the case at hand, we find
The Noether identities between the original equations of motion (124) give rise to the gauge invariance of the action (134):
We can fix this arbitrariness by imposing the Lorentz gauges d † B a = 0 on the augmentation fields and adding these constraints to the action (134) with the Lagrange multipliers C a .
Then the gauge-fixed action reads
According to Proposition 5.4, the (non-Feynman) probability amplitude (130) admits the following path-integral representation in terms of the local action (136):
Of course, in the case under consideration, one can verify the last equality directly, either by calculating the Gauss integrals over B's and C's or substituting (137) into the SchwingerDyson equation (129) and differentiating under the integral sign.
Given the probability amplitude (130), the quantum average of a physical observable O is defined by the path integral
In case I = 0, one can solve the constraint (164) C → C ′ = C + dA , ∀A ∈ Λ 2n−1 (M) .
Integrating formally the amplitude (162) over the fields C, we obtain the probability amplitude for the self-dual field H + , A more rigor treatment of the (divergent) Gaussian integral (165) implies fixing the gauge freedom (164) by the BV method for reducible gauge-algebra generators [5] , [6] .
